Abstract. In a recent article, Cattaneo, Felder and Tomassini explained how the notion of formality can be used to construct flat Fedosov connections on formal vector bundles on a Poisson manifold M and thus a star product on M through the original Fedosov method for symplectic manifolds. In this paper, we suppose that M is a fibre bundle manifold equipped with a Poisson tensor tangential to the fibers. We show that in this case the construction of Cattaneo-FelderTomassini gives tangential (to the fibers) star products.
1. Introduction. In order to prove the existence of a deformation quantization (star product) for any Poisson manifold, M. Kontsevich introduced the notion of formality F and etablished in [K] that on each manifold there exists formalities, starting from a totally explicit formality U for R d . If F = F k is a formality on a manifold M , then for any Poisson structure α of M , the expression
defines a star product on (M, α) . In fact, the formality gives much more objects. For instance, it is possible to consider the formal series where ξ, η are vector fields and f is a smooth function on M , and the formality equation gives many relations between these objects.
Thus, starting only with the 'canonical' formality for R d , Cattaneo, Felder and Tomassini obtain in [CFT] an explicit construction of a star product on an arbitrary Poisson manifold (M, α) . More precisely, they first build on M a formal vector bundle E with an associative fiberwise product based on the Kontsevich's star product formula for R d and with a natural connection D = d+ A x (., α x ), which gives a derivation of the algebra Γ(E) of sections of E. Following the Fedosov's deformation quantization for symplectic manifolds [F] , they can then modify D inD = D + [γ, .] ⋆ so that D 2 = 0, and construct a bijection ρ between C ∞ (M ) [[ ]] and the algebra H 0 (E,D) ofD-horizontal sections of E. They finally get a star product on M :
The purpose of the present paper is to consider that construction when M is a fibred Poisson manifold and to prove that in this case the mapping ρ can be chosen such that ⋆ M is in fact tangential to the fibers of M .
A fibred Poisson manifold is a special case of foliated Poisson manifold, namely a Poisson manifold equipped with a foliation such that the Poisson tensor is tangential to the leaves. Thus, our result completes the existence proof of Masmoudi in [M] for tangential star products on regular Poisson manifolds. In the dual g * of any Lie algebra g, there is a dense open subset which is a foliated Poisson manifold, namely the union Ω of maximal dimensional coadjoint orbits. In some cases, our result can be used to extend the foliation of Ω to a larger open foliated Poisson submanifold of g * . Let us recall that tangentiality was extensively studied in the case of Lie algebras ( [ACG, As, B, CGR] ).
The paper is organized as follows. In Section 2, we adapt the notions of formal geometry to the case of foliated and fibred Poisson manifolds. Section 3 is devoted to the construction of a preserving tangentiality section, in the formal geometrical description, on fibred Poisson manifolds. In Section 4, we describe the construction in terms of tangential objects. In Section 5, we prove that each fibred Poisson manifold admits a tangential star product. Finally, in Section 6, we apply our result to some duals g * of Lie algebras.
Formal geometry for foliated Poisson manifolds.
Definition 2.1. (Foliated Poisson manifold) A smooth manifold is a foliated Poisson manifold if it is a foliated manifold and a Poisson manifold with a Poisson tensor tangential to the leaves of the foliation.
Examples 2.2. 1) If M is a regular Poisson manifold, then it is foliated with the symplectic leaves thus M is a foliated Poisson manifold (see [L] ). 2) Let M = g * be the dual of the 2n + 1-dimensional Heisenberg Lie algebra with center RZ. The coadjoint orbits are the 2n-dimensional spaces:
and the points of F = {ξ ∈ g * :< ξ, Z >= 0}. Thus, g * is foliated with the O λ and F , and is a foliated Poisson manifold.
Less elementary examples will be given in Section 6. A special case is the fibre bundle case. If p : M −→ N is a fibre bundle with a fiber F , then The first step of formal geometry for any manifold M is to consider the 'manifold' M coor of jets of coordinates systems on M . In the following, we will always assume that (M, L, α 
Its fiber is isomorphic to the group G 0,t of infinite jets of tangential transformations g preserving 0:
The Lie algebra of G 0,t can be written as
The tangent space to M adapt at a point [ϕ] can be identified with the Lie algebra
Let us introduce the usual Maurer-Cartan form
as follows. Let ϕ be a local adapted chart and ξ be in T [ϕ] M adapt . Then there exists a vector fieldξ on M with infinite jet [ξ] = ξ at x = ϕ(0). Let f t be the flow of the vector fieldξ on M , thus, since ξ is in T [ϕ] M adapt , f t • ϕ is a local adapted chart and ω MC is by definition:
Just as in [K] and [CFT] , we need to substitute for M adapt a new bundle with contractible fibers. We consider the subgroup H ⊂ GL(d, R) of linear transformations h whose associated matrices have the form
Then H acts naturally (on the right) on M adapt and we put
This bundle has contractible fibers, G 0,t /H being isomorphic to a vector space, and thus admits global sections. Note that M adapt (resp. M adapt aff ) is a subbundle of the fiber bundle M coor (resp. M aff ) considered by Kontsevich in [K] and CattaneoFelder-Tomassini in [CFT] .
Let us now choose a section s : M → M adapt aff of the fiber bundle M adapt aff . As in
[CFT], we consider over M adapt aff the vector bundlẽ
and over M , its pull-back by s:
In fact, there is a natural injection j : M adapt → M coor . It gives an injection
If we compose the section s with i, we get a section i • s of the bundle M aff → M and our vector bundle E 0 coincides with the vector bundle of [CFT] which is the pull-back by i • s of a bundle over M aff .
On the trivial vector bundle
For this connection, the horizontal sections are exactly the mappings
By H-equivariance, we get simultaneously a connec-
, we obtain by pull-back a globally well defined flat connection D 0 on E 0 → M .
Sections for foliated and fibred Poisson manifolds.
We repeat now the preceeding construction by adding the parameter . We define first the bundlẽ
over M adapt aff , in the same way asẼ 0 . We denote by E its pull-back through the
Let us describe a local trivialization of the bundle E. Let ϕ : U → M be a local adapted chart of M , with U contractible. Using ϕ, we get a section
On ϕ(U ) adapt , we have a trivial vector bundle:
The pull-back of this bundle is a trivialization of E over ϕ(U ). A section of E can thus be seen as a function
. Now, since all our constructions are H-invariant and since [ϕ x ] is related to s(x) by an element h x of H:
by H-equivariance, we can use this trivialization in all our computations. From now on, we thus shall present global well defined objects on E with their local expression. Let U = U k be the Kontsevich explicit formality on R d . Then, on each fiber of E, we have a Poisson structure:
An associative fiberwise product for E is given by the Kontsevich's star product formula computed 'in the variables y':
By construction, ⋆ is tangential in the sense that each U k (α x . . . . .α x ) is in our coordinates a bidifferential operator with derivations only with respect to the tangential variables y 1 , . . . , y n . Then, we extend as in [CFT] the connection D 0 to a connection D on E by putting:
Since we want to build tangential operators, A M x (ξ) has to be tangential if ξ itself is tangent to the leaf containing x. This property holds surely if s
∂ ∂y j . Locally, we can choose s such that this property holds: the section s U of ϕ(U ) satisfies this relation. But this does not hold for any s. For instance :
If M = R 2 with the foliation L defined by :
We choose γ(t) = (x + t, y) then
We get the value of the Maurer-Cartan form in s(x, y) on s * (ξ) :
This relation holds if our charts preserve the fibre bundle structure of R 2 → R ( (x, y) → y ) :
We are very grateful to our referee for pointing us this fact: in our first version, we were not aware of it. 
. We say that s preserves tangentiality
∂ ∂y j for any x and any ξ itself tangent to the leaf containing x.
Let us consider now the case of fibre bundle manifolds. Let p : M → N be a fibre bundle with fiber F and
and there is a local trivialization :
From now on, we denote by Θ the mapping Θ ϕ N p(x) (V ) , if there is no possible confusion. Similarly, for any z in F , we choose a chart (W, ϕ 
Then we consider ϕ
Proposition 3.2. (Good sections for fibre bundles) The section s M of the bundle
for any vertical vector ξ in T x (M ) . In other words, s M preserves tangentiality.
Proof. Let ξ be a vertical vector in T x (M ). We consider a curve t → γ(t) such that :
We have
By derivation, we get
If we have only sections for the bundles N and F , then for any g V p(x) and g W γ(t) , we get
4. Fiberwise deformation on E 0 . From now on, we restrict ourselves to the case of a foliated Poisson manifold (M, L, α) for which the bundle M adapt aff has a section which preserves tangentiality. Therefore, we see that all the differential operators U k+1 (s * (ω MC ) x (ξ).α x . . . α x ) are tangential, and so is A M x (ξ). Now, as in [F] and [CFT] , we extend the above fiberwise product ⋆ to a product, still denoted ⋆, on the space Ω
Γ(E) of forms on M with values in the fiber by putting on ϕ(U ):
We extend also the connection D (and
or, equivalently,
and the X i are vector fields on M . One can then prove Theorem 4.1. [CFT] (Properties of ⋆ and D) Let F M be the E valued-two-form defined by
Then, for any f, g in Γ(E), the following relations hold
Let us now introduce the notion of tangential Fedosov connections. 
See a detailled proof in [F] and [CFT] (Appendix B).
Proposition 5.2. There exists a flat tangential Fedosov connection on E.
Proof. We look for a flat connectionD of the form
The flatness ofD is equivalent to the equation
, we can, as usual, solve the above equation recursively in γ k . With that solution γ,D is a flat Fedosov connection and since D is tangential,D is tangential too. With a flat Fedosov connectionD, it is possible to define a star product on M . We recall here the construction. Let us first consider the canonical application π from H 0 (E,D) to C ∞ (M ) assigning to each flat section f on E the C ∞ -function x → f x (0). We have then to find a quantization mapping i.e. a section ρ of π of the form:
By standard arguments (see [F] and [CFT] ), such a mapping ρ always exists. In fact, if T is a differentiel operator on E 0 , we put
flat, we get a new cohomology. If we restrict ourselves to the space B k of differential operators of order ≥ k, vanishing on constants, then
The vanishing of H 1 (B k , D 0 ) for all k enables us to construct recursively a solution ρ of the equation
The star product is then given by:
In [CFT] , there is also a more explicit construction of the mapping ρ. In the following, we shall use this second construction to get a tangential star product on M . 
We want now to prove the main result of the paper.
Theorem 5.4. (Tangentiality of ⋆ M ) If M adapt aff has a preserving tangentiality section s, the section ρ can be chosen in such a manner that ⋆ M is a tangential star product on M .
Proof. As in [CFT] , let us put
For any Hamiltonian vector field η on M with Taylor expansionη, there exists a unique β(η) in Ω 0 (M, E) = Γ(E) such that
By construction, η → β(η) is linear and the mapping ρ defined by
is a quantization mapping ( [CFT] ). It remains thus to show that the star product induced by this map ρ on M is tangential. Let us choose any domain V of local adapted chart and f a local function constant on the plaques of V . We need to prove that ρ(f ) = f. First, we see that
Indeed, this function is (see [K] ):
where G k+1,0 is the set of admissible graphs Γ with k + 1 vertices p 0 , p 1 , . . . , p k in the Poincaré half plane H = {z ∈ C : ℑ(z) > 0} and 2k edges: two edges starting from each p i , i ≥ 1 and ending to any another vertex (there is no double edge). We recall that B Γ (f x .α x . . . α x ) is a function defined, starting from Γ, by partial derivatives of f x and of the components α ij x . Since f is constant on the leaves and α tangential, the only graphs Γ for which B Γ (f x .α x . . . α x ) does not vanish are graphs where no edge ends at p 0 . Moreover, by definition, the wedge W Γ is the integral on a configuration space C + k+1,0 of a 2k-form ω Γ . The latter is a product of 1-forms dφ, each of these 1-forms corresponding to exactly one edge of Γ. Generally speaking, for each non connected graph Γ, the wedge W Γ is zero. For our special graphs Γ, this can be easily seen. Let us parametrize C + k+1,0 by putting
Then, we can identify C 
For each of our graphs Γ, the 2k-form ω Γ does not depend on z 0 and thus belongs to 2k (C 
Now, by tangentiality of ⋆ in the variables y, we have fiber by fiber the equality
Computing ρ(f g), we get
Furthermore, for any Hamiltonian vector field η ′ = f η, f β(η) and β(η ′ ) are two solutions of the equation:
satisfying the normalization condition f β(η) = β(η ′ ) = 0 |y=0 . The reason for this is that the right side of the equation is linear in f , by definition of the local Kontsevich formality. By uniqueness of the solution, we obtain β(f η) = f β(η) and for any g ρ(f g) = f ρ(g).
Thus,
This ends the proof.
6. A direct application to the dual of Lie algebra. The dual g * of a Lie algebra is a Poisson manifold whose symplectic (generalized) foliation is given by the coadjoint orbits. The dense open subset Ω of maximal dimensional orbits is a regular Poisson manifold. Thus, on Ω, there exists tangential (to the orbits) star products.
However, there is generally no star product on the whole dual g * whose restriction to Ω is tangential. More precisely, M. Cahen, S. Gutt and J. Rawnsley proved in [CGR] that the existence of such a star product forces each invariant quadratic function on g * to satisfy a very strong algebraic condition. Especially, no semi simple Lie algebra satisfies this condition.
We want now to give concrete and nontrivial examples of nilpotent Lie algebras for which our construction can be used.
1. Let us first consider the Lie algebra g 5,4 with basis (X 1 , X 2 , X 3 , X 4 , X 5 ). The nonvanishing brackets are:
The orbit of a point ξ = ξ i X * i in the dual g * 5,4 is either of dimension 2 (in fact, Ω is Ω = {ξ, ξ 
The quadratic invariant function
2 corresponds to a nondegenerate quadratic form. Now, g 5,4 being a 3-step nilpotent Lie algebra, the condition of [CGR] is not satisfied by µ and there is no star product on the whole dual g * 5,4 whose restriction to Ω is tangential. In fact, since the tangent space to a generic orbit O ξ is
one can directly see that the generic symplectic foliation cannot be completed to any singular coadjoint orbit.
Our result can be applied to the dense subset :
of Ω. Indeed Ω 0 is a fibred Poisson manifold : let us write any ξ in Ω 0 as ξ = (r cos θ, r sin θ, q, (r cos θ)p + ( q 2 2r + λ) sin θ, (r sin θ)p − ( q 2 2r + λ) cos θ).
Then Ω 0 is fibred on C 2 \{0} × R by :
p : ξ → (rξ iθ , λ), the fibers being the coadjoint orbits.
2. Let us now consider the semi-direct product g 6,14 = R × g 5,4 of g 5,4 by R with basis (X 1 , . . . , X 6 ) and commutation relations [X 6 , X 5 ] = X 1 , [X 5 , X 4 ] = X 3 , [X 5 , X 3 ] = X 2 , [X 4 , X 3 ] = X 1 .
Then, the set of the generic orbits O ξ coincides with Ω = {ξ = ξ i X * i : ξ 1 = 0} and for ξ in Ω, we have with obvious notations:
O ξ = {(ξ 1 , ξ 2 , q 1 , ξ 1 p 1 , ξ 2 p 1 − q 2 1 2ξ 1 + q 2 , ξ 1 p 2 ) : p 1 , q 1 , p 2 , q 2 ∈ R}.
In this case, it is possible to extend the symplectic foliation L into a foliation L ′ for all g * 1 by setting
O ξ ) (∪ ξ2 {(0, ξ 2 , x, y, z, t) : x, y, z, t ∈ R}).
It means that g * 6,14 is a foliated Poisson manifold. The usual coordinates of R 4 define on g * 6,14 a global adapted chart (U, ϕ) thus s U is a preserving tangentiality section of g * 6,14
adapt .
Let us remark that g * 6,14 is also a fibred Poisson manifold and by Theorem 5.4, it admits a tangential star product. Note that in this example, the Gutt star product [G] coincides with the Kontsevich-Duflo star product [A] , and is already tangential.
3. Let us consider finally the 7-dimensional Lie algebra, say g 7 , defined by the following brackets [X 7 , X 6 ] = X 1 , [X 5 , X 4 ] = X 3 , [X 5 , X 3 ] = X 2 , [X 4 , X 3 ] = X 1 .
Let us put :
ξ 1 = r cos θ, ξ 2 = r sin θ, ξ 3 = q 1 , ξ 4 = r cos θp 1 + ( q 2 1 2r + µ r ) sin θ, ξ 5 = r sin θp 1 − ( q 2 1 2r + µ r ) cos θ, ξ 6 = q 2 , ξ 7 = (r cos θ)p 2 .
The quadratic form F associated to the invariant quadratic function
is such that Ker(F ) ⊥ =< X 1 , X 2 , X 3 , X 4 , X 5 > is not 2-step nilpotent. Therefore, the condition of [CGR] is not satisfied and there is no tangential star product, differential and well-defined on the whole dual g
